We study the global Cauchy problem for nonlinear Schrödinger equations with cubic interactions of derivative type in space dimension n ≥ 3. The global existence of small classical solutions is proved in the case where every real part of the first derivatives of the interaction with respect to first derivatives of wavefunction is derived by a potential function of quadratic interaction. The proof depends on the energy estimate involving the quadratic potential and on the endpoint Strichartz estimates.
Introduction
In this paper we consider the Cauchy problem for nonlinear Schrödinger equations of the form (1.1)
where u is a complex-valued function of (t, With the condition (1.2), Klainerman [18] , Klainerman and Ponce [20] , and Shatah [28] , proved the global existence of classical solutions for small Cauchy data with sufficient regularity and decay at infinity. Here the decay at infinity is imposed on the Cauchy data φ in such a way that φ ∈ H m p (R n ) with an integer m > n/2, p > 2 for instance, which provides explicit time-decay of solutions in L
is the Sobolev space in terms of Bessel potential and p is the exponent dual to p defined by 1/p + 1/p = 1.
Chihara [3, 4] and Hayashi, Miao, and Naumkin [8] removed the condition (1.2) by using smoothing operators and first order partial differential operators which have special commutation relations with i∂ t + (1/2)∆. In [3, 4, 8, 19] , decay at infinity is imposed on the Cauchy data φ in such a way that x The purpose in this paper is to remove those assumptions related to decay at infinity of the Cauchy data φ and reduce the required regularity down to n/2 + 2 (limit excluded) such as φ ∈ H s with s > n/2 + 2. The condition s > n/2 + 2 is most natural in the framework of classical solutions. Instead, we need an assumption on the structure of nonlinearity which is weaker than (1.2).
To state the main result precisely, we introduce some notation. Throughout this paper we denote by σ any real number larger than n/2 and by 2 * the Sobolev exponent 2n/(n−2).
It is well known that H
all α with |α| ≤ m}. The main assumption on F is the following:
Theorem. 
∆) is the free propagator. Remark 1. When θ = 0, the assumption (H) reduces to (1.2) . An example of F
satisfying (1.2) is given by
F (u, ∇u) = i n j=1 (a j |u| 2 + b j |∂ j u| 2 )∂ j u + F 0 (u, ∇u),where a j , b j ∈ R and F 0 satisfies ∂F 0 ∂(∇u) = 0.
Remark 2. If F has the form
with λ, µ ∈ R and
Remark 3. If F has the form
The case where µ = 0 and F 1 = 0 appears as a model of Schrödinger map [2, 24] .
See also [11, 15, 29, 30] . The importance of the endpoint Strichartz estimates in cubic nonlinearities has been noticed in [21, 22, 23] , though this paper seems to be the first application of the endpoint Strichartz estimates to nonlinear Schrödinger equations of the form (1.1). "Gauge transformation" technique has been exploited in [9, 10, 26, 27, 32] , though this paper seems to be the first that shows how the endpoint Strichartz estimates come into play in the a priori energy estimates with transformed derivatives.
Proof of the theorem.
For simplicity, we treat the case where F is a cubic polynomial. We restrict our attention to the case t > 0 since the case t < 0 is treated analogously. Let φ ∈ H s . For ε > 0 we consider the regularized equation
. By the standard method we see that there
). Here T ε > 0 may be taken T ε = ∞ if we can show an a priori estimate in H s for local solutions.
From now on we abbreviate the subscript ε to write u = u ε for simplicity. We write the equation (2.1) in the integral form:
where
We note here that the regularizing factor exp( 
where we have used Hölder's inequalities in space and time and the Sobolev embedding
By the endpoint Strichartz estimates, fractional Leibniz rule, and estimates on composite functions in the case where F is not a polynomial, we obtain (2.5) 
, we have by (H) and (2.7) (2.8) 
) Im (ūF (u, ∇u)) 
For III, we integrate by parts to obtain (2.11)
We apply Kato-Ponce's commutator estimate [13] to IV to obtain (2.12) . We estimate V and VI in the same way as in (2.11), (2.12), and (2.9), respectively. Moreover, VII is estimated in the same way as in (2.9) for any ε with 0 < ε ≤ 1. To estimate VIII, we write
, where the first term on the RHS is estimated in the same way as in (2.9).
Combining those estimates above, we obtain
where C is independent of ε ∈ (0, 1].
Taking summation with respect to j and integrating, we have (2.14)
By (2.3) and (2.14)
where C is independent of ε ∈ (0, 1]. We now choose δ, η > 0 sufficiently small to ensure that 
This implies that u ε extends to a global solution belonging to L
We now consider the uniqueness of solutions u of (1. 
In the same way as in (2.8), we obtain
As before, we denote by I,· · · ,VII the first,· · · , seventh terms on the RHS of the last equality of (2.21), respectively, and consider those contributions separately.
In the same way as in the derivation of (2.13), we obtain
where we have used the inequality
Moreover, from the identity follows from the standard argument based on the Strichartz estimates (see for instance [1, 12, 25] 
